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The effect of scattering on the lineshape of outgoing radiation for the regular absorption band model is 

investigated for the model of a homogeneous plane-parallel radiating, absorbing, and scattering layer with 

transparent boundaries. The investigation is based on numerical solution of the integrodifferential equation 

of radiation transport. Based on an analysis of results obtained, methods more accurate than the known 

ones are proposed for  calculation of the absorption coefficient by a selective component of the medium 

averaged over a finite spectral range. 

Introduction. Investigation of the mechanism of the radiation transport in two-phase (gas + solid particles) 

media is important for solving a number of scientific and practical problems such as, e.g., radiative and complex 
heat transfer, neutron transport in nuclear reactors, direct and inverse problems of the spectroscopy of scattering 

media, propagation of radiation in the atmosphere, etc. Accurate calculations for scattering processes in two-phase 

media with regard for selective properties of gas components are of special interest, tt has been shown in [ 1-5 ] that 

these processes can lead in a number of cases to a change in the lineshape of the outgoing radiation. 

The accuracy of calculations of radiation transport in nonhomogeneous, nonisothermal, and nonequilibrium 

gas media based on solution of the integrodifferential transport equation substantially depends on the accuracy of 

input optical and thermodynamic parameters of the medium. Accurate calculations for the H20, CO, CO2, and NOx 

molecules require taking into account hundreds to thousands of spectral lines lying within the range of 1 - 1 0 / t i n  

whose parameters are nonlinear functions of the temperature and pressure. In the literature, this method is known 

as the line-by-line method [6, 7 ]. It is extremely painstaking and is hardly suitable for practical calculations. 

Mainly, it is recommended for evaluating the accuracy of solutions obtained based on various approximate models 

used for description of actual gas spectra. 
The narrow-band approximation [8, 9] and the model of the weighted sum of gray gases [10] are most 

frequently used in calculations of the transmission of the medium within a given spectral range. It should be noted 

that in this case, certain difficulties with evaluating the total absorption coefficient arise in calculations of the 

propagation of radiation in nonhomogeneous, nonisothermic, and nonequilibrium gas media with regard for 

scattering based on solving the integrodifferential transport equation. Extensive investigations on obtaining the 

model absorption coefficient of radiating gases that would approximate to a given accuracy the actual absorption 

coefficient within a particular spectral range are presently carried out [10, 11 ]. 

The present work is devoted to solution of the above problem. It provides more accurate methods compared 

to known ones suitable for calculation of the absorption by a gas component of the absorbing medium within a finite 
spectral range. Presented in what follows are results concerning the regular model of the Lorentzian-shaped 

Elsasser absoption band. 
Effect of Scattering on the Lineshape of Outgoing Radiation. The dependence of the lineshape of outgoing 

radiation on scattering processes is investigated based on the model of a plane-parallel homogeneous radiating layer 
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Fig. 1. Distr ibut ion of the radiat ion intensi ty  of the  med ium across the 

absorpt ion  line (dashed line) for 7 / d  = 0.1, z-a = 0.I (a);  7 / d  = 0.05, z-a = 0.5 

(b); 7 / d - -  0.1, z-a = 50 (c), and Sea = 0 (1), 0.3 (2), 0.6 (3), and 0.9 (4). 

with t ransparent  b o u n d a r y  surfaces. The  investigation is based on the numerica l  solution of the integrodifferential  

equat ion of r ad ia t ive  t r anspor t  [12 I. The  scat ter ing an iso t ropy is t a k e n  into account  wi th in  the  t ransport  

approximation [13 ]. In this case, the radiative transport equation can be wri t ten as follows: 

a a  1 
dI (m, l) + (7, + aa) I (m, 1) --~ f I (m', l) am" + zB  (z-) ( I )  m dl = " 

- 1  

We also introduce the  Schuster  number Sc = aa/(Z + aa) and the optical l aye r  thickness with respect to absorption 

z- = zL. 
Radiation of molecular  gases within a finite spectral range is mode led  by a set of equidis tant ly spaced 

Lorentzian-shaped lines with identical intensities. In this case the optical thickness of the gas layer  is as follows: 

sL sinh (2~7/d) 
-r (z, 7 /d ,  sL /d )  = --d'- cosh (2~7/d) - cos (2~z) = ra ~ (7 /d '  z)) .  (2) 

Wc also introduce the gray optical layer  thickness with respect to absorpt ion z-a = s L / d  and the gray Schuster 

number  Sea = a a /  (aa + s /d ) .  
Results of the  numerical solution of Eq. (1) with regard for in tegrat ion of the absorption coefficient over 

the frequency (2) within the range of - 0 . 5  < z < 0.5 are presented in Fig. 1 for different  parameters  of the fine 

structure of the line. T h e  curves presented illustrate the dependence of the intensi ty  of radiat ion outgoing from the 

layer normally to the boundary  surface on processes of scattering on particles.  As is easily seen, the dependence  

is rather  complex. T h e  scattering affects both the lineshape and intensi ty  of outgoing radiation. 

For weak nar row lines, the intensity of outgoing radiation increases both in the center  and  at the wings 

with the Schuster  n u m b e r  (Fig. la) .  As the line becomes stronger,  the inetns i ty  of radiat ion star ts  to increase at 

the wings and to decrease  in the center  (Fig. lb) .  For strong lines, the gas radiation outgoing from the layer  has 

a undorm lineshape. Selective properties of gases reveal themselves with an increasing Schuster  parameter ,  since 

the radiation in tens i ty  first decreases at the line edges and then in the cen te r  due to the scat ter ing (Fig. lc).  

An analysis  of the data presented shows that integration over the frequency is required in calculations of 

radiation of selectively emitting gases and scattering parameters,  since the  Schuster  parameter  varies within the 

limits of the emission line. However, when carrying out extensive calculations,  this leads to a substantial  increase 

in the CPU time. A separa te  consideration of scattering and absorption processes can lead, as is shown by practical 

computations, to uncontrol lable  errors. 

We int roduce the quantity referred to in what follows as the optical thickness of the selective component  

averaged over the  l ineshape z-0 = z-(7/d, z-a, Sca),which satisfies the ident i ty  

0.5 

I (z-0, Sca) = f I (z, 7 /d ,  z a, Sea) dz .  (3) 
- 0 . 5  

Dependences r0(Sc a) obta ined by solving Eq. (3) are presented in Fig. 2. T h e  data presented show that  the quanti ty 

z-o can decrease (Fig. 2a) or increase (Fig. 2b) with the Schuster number ,  or  have an ext remum (Fig. 2c), depending 
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Fig. 2. Effect of the  gray Schuster n u m b er  on the mean optical thickness for 

the lineshape with y / d  = 0.1, ~a = 0.1 (a),  ~ / d  = 0.1, ~a = 3.0 (b),  and  7 / d  = 

0 . 0 1 ,  "r a = 3 . 0  (C) .  
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Fig. 3. Errors  due  to neglecting the effect  of scattering processes  on the 

absorption l ineshape for y / d  = 0.1 and Za = 3.0 (1) and 0.01 (2). 

on the values of the fine structure parameters .  The quant i ty  varies over a ra ther  wide range,  and it can vary by 

several hundred  percent.  

Further ,  we introduce into consideration the quant i ty  e = I(~ l, 0 ) / I ( ,  2, Sca) - the ratio of the emissivity 

of the medium within a finite spectral  range with regard for the scattering effect on the l ineshape of the outgoing 

radiation to the same parameter  evaluated  neglecting the effect of the scattering fract ion on the l ineshape-averaged 

optical thickness of the selective component .  Here T l = ~o(Y/d ,  ~a' Sca= 0) is the average  optical thickness of the 

selective component  for the nonscat ter ing medium and ~:2 = ~o(Y/d ,  Ta, Sca) is that  for  the  scattering medium. The  

quantity e charactererizes errors due  to ignorance of the effect of scattering processes on the l ineshape-averaged 

optical thickness of the selective component .  The dependence  of e on the value of the Schus te r  number  for different  

parameters of the absorption line is i l lustrated by the curves presented in Fig. 3. 

Average Absorption Coeff icient  for  Elsasser 's  Model.  An analysis of computat ional  results obtained in the 

preceding section has shown that  scat ter ing substantially affects the intensity of a selectively emitting medium. 

However, the direct  integration of the  radiative t ransport  equat ion over the l ineshape is, as has been noted above, 

t ime-consuming, especially in the case of computations within a wide spectral range ( 1 -  8/~m).  Moreover, Elsasser 's  

model frequently does not yield an  exact  value for emission of gases with actual specta. 

An effective absorption coefficient that would account  for parameters of the f ine s tructure of the emission 

line and would not require f requency integration is required for extensive computat ions of radiation in scattering 

media. Let us present  the average absorpt ion coefficient in the following form: 

s 
K = -~ ~ ( 7 / d ,  Za). (4) 

The correction factor for the absorpt ion lineshape upon radiat ion transport in the nonsca t te r ing  medium is defined 

as follows: 
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TABLE 1. Correction Factor ~(7/d, •a ) for Elsasser's Model (Z -- ess/d) 

71d 
i. '0.001 0.002 0 . 0 0 5  0.007 0.010 0.025 0.050 ]0.075 0.100 0.175 0.250 0.375 0.500 

i i i i i i 

0.0001 0.986 0.992 0.994 I 0.995 0.996 0.998 0.999 1.000 1.000 1.000 I 1.000 1 . 0 0 0  1.000 
0.0002 0.979 0.989 0.993 0.995 0.995 0.998 0.998 0.999 1.000 1.000 1.000 1 . 0 0 0  1.000 
0.0003 0.972 0.986 0.991 0.993 0.995 0.997 0.998 0.999 0.999 1.000 1.000 1.000~ 1.000 
0.0004 0.964 0.983 0.990 0.992 0.994 0.997 0.998 0.999 0.999 0.999 i 1.000 1.000 i 1.000 
0.0005 0 .957  0.980 0.988 0.991 0.993 0.997 0.998 ~0.999 0.999 1.000 1.000 1.000 1.000 
0.0006 0.950 0.977 0.987 0.991 0.992 0.996 0.998 0.999 0.999 1.000 1.000 1.000 1.000 
0.0007 0.943 0.974 0.985 0.989 0.992 0.996 0.998 0.999 0.999 1.000 1.000 1.000 1.000 
0.0008 0.936 0.971 0.984 0.988 0.991 0.996 0.998 0.998 0.999 1.000 i 1.000 1.000'  1.000 
0.0009 0.929 0.968 0.982 i 0.987 0.990 0.995 0.998 0.999 0.999 1.000 i 1.000 1.000 i 1.000 
0.0010 0.923 0.965 0.981 0.987 0.989 0.995 0.998 0 . 9 9 8  0.999 1.000 1.000 1.000 1.000 
0.0020 0.861 0.937 0.966 0.977 0.982 0.992 0.996 0.998 0.999 0.999 1.000 1.000 i 1.000 
0.0030 0.808 0.911 0.952 0.967 0.975 0.990 0.995 0.997 0.998 0.999 1.000 1.000 1.000 
0.0040 0.761 0.886 0.939 0.958 0.968 0.987 0.994 0.997 0.998 0.999 1.000 1.000 1.000 
0.0050 0.720 0.863 0.926 0.949 0.961 0.985 0.993 0.996 0.997 0.999 1.000 1.000 1.000 
0.0060 0.684 0.840 0.913 0.940 0.954 0.982 I 0.992 0.995 0.997 0.999 1.000i 1.000 1.000 
0.0070 0.652 0.819 0.900 0.931 0.948 0.979 0.991 0.995 0.997 0.999 1.000 1.000 1.000 
0.0080 0.624 0.800 0.888 0.923 0.941 0 . 9 7 7  0.990 0.994 0.996 0.999 1.000 1.000 1.000 
0.0090 0.599 0.781 0.876 0 . 9 1 4  0.935 0.974 0.989 0.993 0.996 0.999 0.999 1.000 1.000 
0.0100 0.576 0.763 0 . 8 6 5  0.906 0.928 0.972 0.987 0.993 0.995 0.999 0.999 1.000 I 1.000 
0.0200 0.431 0.626 0.766 0.831 0.869 0.947 0.976 0.987 0.992 0.997 0.999 1.000 1.000 
0.0300 0.358 0.539 0.690 !0.769 0.817 0.924 0.966 0.980 0.988 0.996 ~ 0.999 1.000 i 1.000 
0.0400 0.312 0.478 0.630 0.717 0.772 0.901 0.955 0.974 0.984 0.995 0.998 1 . 0 0 0  1.000 
0.0500 0.281 0.434 0.582 0.672 0.732 0.880 0.945 0.968 0.980 0.994 0.998 1.000 1.000 
0.0600 0.257 0.399 0.543 0.634 0.697 0.860 0.935 0.962 0.976 0.992 0.997 0.999 1.000 
0.0700 0.239 0.372 0.510 '0.601 0.666 0.841 0.925 0.957 0.972 0.991 0.997 0.999 1.000 
0.0800 0.224 0.350 0.482 0.572 0.638 0.823 0.916 0.951 0.969 0.990 0.996 0.999 1.000 
0.0900 0.211 0.331 0.459 0.547 0.613 0.806 0.906 0.945 0.965 0.989 0.996 0.999 1.000 
0.1000 0.201 0.315 0.438 0.525 0.590 0.789 0.897 0.940 0.961 0.988 0.995 0.999 1.000 
0.2000 0.143 0.227 0.320 0.390 0.447 0.661 0.816 0.887 0.926 0.976 0.991 0.998 1.000 
0.3000 0.117 0.187 0.265 0.325 0.375 0.577 !0.752 0.842 0.894 0.964 0.987 0 . 9 9 7  0.999 
0.4000 0.102 0.163 0.232 0.285 0.330 0.519 0.699 0.802 0.865 0.953 0.982 0.996 0.999 
0.5000 0.092 0.146 0.209 0.257 0.298 0.476 0.656 0.767 0.838 0.942 0.978 0.995 0.999 
0.6000 0.084 0.134 0.192 0.237 0.275 0.442 0.620 0.736 0.813 0.931 0.974 0.995 0.999 
0.7000 0.078 0.125 0.178 0.221 0.257 0.416 0.590 0.708 0.791 0.921 0.970 0.994 0.999 
0.8000 0.073 0.117 0.168 0.208 0.242 0.394 I 0.565 0.684 0.770 0.911 0.965 0.993 0.999 
0.9000 0.069 0.110 0.159 0.197 0.230 0.376 0.542 0.662 0.751 0.902 0.961 0 . 9 9 2  0.998 
1.0000 0.065 0.105 0.151 0.188 0.219 0.360 0.523 0.643 0.734 0.892 0.957 0.991 0.998 
2.0000 0.047 0.076 0.110 0.138 0.162 0.274 0.412 0.524 0.618 0.817 0.921 0.982 0.996 
3.0000 0.039 0.063 0.092 0.116 0.136 0.235 0.360 0.465 0.556 0.765 0.890 0.974 0.994 
4.0000 0.034 0.055 0.081 0.102 0.121 0.211 0.329 0.429 0.518 0.728 0.865 0.966 10.993 
5.0000 0.030 0.050 0.074 0.093 0.111 0.195 0.308 0.405 0.491 0.701 0.844 0.959 i 0.991 
6.0000 0.028 0.046 0.068 i0.087 0.103 0.184 0.292 0.386 0.471 0.681 10.827 0.952 0.989 
7.0000 0.026 0.043 0.064 0 . 0 8 2  0.097 0.174 I 0.280 0.372 0.456 0.665 0 . 8 1 3  0.946 0.987 
8.0000 0.025 0.041 0.061 0.077 0.092 0.167 0.270 0.361 0.444 0.652 ~ 0 .802 '  0.940 0.986 
9.0000 0.023 0.039 0.058 0.074 0.089 0.161 ~ 0.262 0.352 0.434 0.641 0.792 i 0.934 0.984 
10.0000 0.022 0.037 0.056 0.071 0.085 0.156 0.255 0.344 0.425 0.631 0.783 0.929 0.982 
20.0000 0.016 0.028 0.043 0.056 0.067 0.129 0.219 0.302 0.380 0 . 5 8 2  0.737 0.897 0.969 
30.0000 0.014 0.024 0.037 0.049 0.060 0.117 0.204 0.285 0.361 0.562 0.717 0.881 0.959 
40.0000 0.012 0.021 0.034 0.045 0.055 0.111 0.195 0.275 0.351 0.550 0.705 0.871 0.953 
50.0000 0.011 0.020 0.031 0.042 0.052 0.106 0.190 0.269 0.344 0.543 0.698 0.864 0.948 
60.0000 0.010 0.019 0.030 0.040 0.050 1 . 1 0 3 0 . 1 8 6  0.264 0.339 0.537 0.692 0.860 0.945 
70.0000 0.010 0.018 0.029 0.038 0.048 0.100 0.182 0.260 0.335 0.533 0.688 0.856 0.942 
80.0000 0.009 0.017 0.028 0.037 0.047 0.099 0.180 0.258 0.332 0.530 0.685 0.853 0.940 
90.0000 0.009 0.016 0.027 0.036 0.045 0.097 0.178 0.255 0.329 0.527 0.682 0.851 0.938 
100.0000 0.009 0.016 0.026 0.035 0.044 0.096 0.176 0 . 2 5 3  0.327 0.525 i 0.680 0.849 0.936 
200.0000 0.007 0.013 0.022 0.031 0.040 0.089 0.167 0.244 0.317 0.514 ~ 0.670 0.840 0.929 
300.0000 0.006 0.012 0.021 0.029 0.037 0.086 0.164 0.240 0.313 0.510 i 0.665 0.836 0.926 
400.0000 0.006 0.011 0.020 0.028 0.036 0.084 0.162 0 . 2 3 8  0.311 0.507 0.663 0.834 0.924 
500.0000 0.005 0.011 0.019 0.027 0.035 0.083 0.161 0.236 0.309 0.506 0.662 0.833 0.923 
600.0000 0.005 0.010 0.019 0.027 0.035 0.082 0.160 0.236 0.309 0.505 0.661 0.832 0.922 
700.0000 0.005 0.010 0.018 0.026 0.034 0.082 0.159 0.235 0.308 0.504 0.660 0.831 0.921 
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Fig. 4. Distribution of the correction coefficient ~ ( y / d ,  3). 

Fig. 5. Dependence of the correction factor ~ on the optical thickness 3 for 

7/d = 0.001 (1), 0.01 (2), 0.1 (3), and 0.5 (4); I,  exact  solution and H, 

approximat ing  formula (6). 

1 0.5 
(y/d, %) = - "aog--f.5 exp ( -  3a ~ (y/d, z)) dz. (5) 

Table 1 and Fig. 4 present values of ~(y/d, 3 a) obtained by numerical  integration of Eq. (1) with an 

accuracy of 0.0001% for the  ranges of the parameters  10 -4 < 3 a _< 104 and  0.001 <__ y/d <__ 0.5. In what follows, 

we will refer  to these as the  exact values. An analysis  of the behavior of the function ~O'/d, ~a ) shows that  it is 

rather  smooth and has no extrema.  At y/d  -- const, it decreases with increasing 3 a, and at z a = const, it increases 

with y/d. This function has  the following asymptotes:  

1. lim ~ ( y / d ,  ra) = 1 (in p r a c t i c e , a t  sL/y<O.O1); 
T~0 

sinh (2ny/d) = ~min < 1 .  
2. lim ~ (y/d, 3a) = cosh (2ny /d)  + 1 

T~0 

Presently,  the following formula is most frequently recommended for calculating the correction factor ~ [2 ]: 

~1 (7 /d ,  3) = 1 (6) 
~/ 1 + 0 .2537/d  

However, its use leads to substantial  errors  for both the quantity ~ (up to 100%) and the averaged intensity of the 

outgoing radiation e = 1 - I(~1 )/1(~) (up to 21%) .  Distributions of the quantit ies ~l and e (~1) within the cons idered  

range of the parameters  7/d  and 3 are presented  in Figs. 5 and 6a. T h e y  show that the intensity of the radiat ion 

outgoing from the medium is underest imated.  

Within the ranges  specified, the accuracy of Eq. (5) can be improved to 14.5% by changing the numerical  

coefficient in the radical 

1 
~2 (y/d, ~) = (7) 

~/1 + O.18033y/d  

The distribution of the in tens i ty  error e(~2 ) result ing from calculations of ~ by Eq. (7) is presented in Fig. 6b. In 

this case, the character  of the  error  is somewhat  changed.  Whereas in the previous case the intensity of the outgoing 

radiation was only underes t imated ,  now regions appear  within which the intensi ty  is overestimated. Nevertheless ,  

although the error decreased  by a factor of 1.5, it still remains considerable.  
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Fig. 6. Distribution of the intensity error emerging in computations of 

~(},/d,/7) by Eq. (6) (a), ~max : 0.21 and by Eq. (7) (b), ~max = 0.145. 
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Fig. 7. Dependence of the correction factor ~ on the optical thickness /7 for 

7 / d  = 0.001 (1), 0.01 (2), 0.1 (3), and 0.5 (4); I, exact solution and H, 

approximating formula (8). 

Fig. 8. Distribution of the intensity error emerging in computation of 

~(),/d, 7:) by Eq. (8), ~max = 0.0452. 

An analysis of the distribution of the correction factor and intensity errors made it possible to offer a 

different relatively simple formula for calculation of the correction coefficient ~(7/d, z): 

= J a ,  a <_ 1 ,  ~3 (7/d, 17) [ 1, a _ 1, (8) 

= 2 ~ [1 - exp ( -  0.05635/7/(7/d)2)] + 1/x / 1 + 0.2254/77/d B 

t L  

Its use reduces the error in calculations of the radiation intensity by a factor of five compared to the original formula 

(6). It should be noted that e(~ a) does not exceed 4.52% over the entire range of the parameters 7 / d  and z. The 

character of variation of the quantity ~ is illustrated by Fig. 7. An analysis of the intensity error distribution (Fig. 
8) shows that the use of formula (8) can lead to both under- and overestimation of the intensity of radiation outgoing 

from the medium, but no more than by 4.52%. We point out that for approximately 40~  of the range considered 

the error 43 does not exceed 1%. 

It should also be pointed out that if one sets 43 = a in Eq. (8), 43 > 1 for 7 / d  > 0.1 and ~ > 10, but the 
absolute magnitude of the intensity error e(~3) does not increase, since for these values of the parameters the 

optimal thickness of the medium within the lineshape always exceeds three, and the selectivity effect decreases, 

and therefore, no substantial changes in the lineshape-averaged intensity of the outgoing radiation are observed 

upon further increase in the effective optical thickness of the medium. 
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Further attempts to decrease the magnitude of the error within the considered wide range of the parameters 

7 / d  and r by means of a different approximating formula were not successful. The complexity of computation and 

the CPU time for calculations by other formulas exceeded the computational expenses for simple interpolation of 

tabulated values. 
However, results of these investigations have shown that one can develop relatively simple approximating 

formulas (e < 1%) for cases when the quantities 7/d  and ~ vary by an order of magnitude. However, in our opinion, 

for these ranges of variations of the parameters y /d  and ~ interpolation of tabulated accurate values of the correction 

factor ~(7/d, ~) is more convenient. 
Conclusion. Formula (8) makes it possible to take into account the fine structure of the absorption line in 

calculations of the effective absorption coefficient for nonscattering media. When propagation of radiation is 
calculated in scattering media within the range of changes of the parameters of the fine structure of the line within 

which the Schuster number, by varying over the lineshape, leads to substantial changes in the effective optical 

thickness *0, the use of Eq. (8) leads to large errors (of an order of 40~)  in calculations of the radiation intensity 

of a selective medium. To reduce this error, one should likely introduce into Eq. (8) a correcting factor that would 

account for the effect of scattering processes on the lineshape-averaged absorption coefficient. In this case, the 

effective absorption coefficient of a selective component of a scattering medium within a finite spectral range can 

be presented as follows: 
S 

X = -~ ~ (y/d, Ta) O O,/d, T a, Sca), 

where 9(7/d, ra, Sca) is the correcting factor accounting for the effect of scattering on the lineshape of the outgoing 

radiation, which equals unity at SCa = O. 

N O T A T I O N  

l(m, /), radiation intensity at point l along the direction m = cos 0 (0 being the angle between the direction 

of propagation of radiation and the Ox axis); X and or, absorption and scattering coefficients of the medium; a, 

doubled fraction of radiation backscattered by a unit volume of the medium; L, geometrical thickness of the layer; 

s, strength of absorption line; y, halfwidth of absorption line; d, interline spacing; z, distance from the line center; 

~, correction factor accounting for radiation lineshape. Subscript: a, absorption-averaged values. 
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